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Abstract
In this paper we show that for large primes the Giulietti–Ughi arcs in PG(2, p2) are not complete. In the second half of the paper
we extend the original arc.
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1. Introduction
An arc is a collection of points in PG(2, q) such that no three are collinear. A complete arc in PG(2, q) is an arc
such that every point in PG(2, q) lies on at least one secant of the arc. A point in PG(2, q) is said to be covered by
the arc if it lies on at least one of its secants. In other words an arc is said to be complete if every point in PG(2, q) is
covered by the arc. In Giulietti and Ughi [4] construct a small arc in PG(2, q) where q =p2 and p ≡ 3 (mod 4). Since
p ≡ 3mod 4 we have that FqFp(i), with i2 = −1. Throughout this paper we shall assume that our primes p satisfy
p ≡ 3 (mod 4). The arc in [4] is constructed by choosing points on the conics xy = 1 and xy = i in PG(2, q). Let
K1 =
{(
,
1

)∣∣∣∣  ∈ F∗p
}
,
K2 =
{(
,
i

)∣∣∣∣  ∈ F∗p
}
,
K3 =
{(
i,
1

)∣∣∣∣  ∈ F∗p
}
,
K4 =
{(
i,
−i

)∣∣∣∣  ∈ F∗p
}
.
Then K = K1 ∪ K2 ∪ K3 ∪ K4 is a 4(√q − 1) arc which is known to be complete for primes p31. In this paper we
prove that for all sufﬁciently large primes p the arc K will never be complete. A point in PG(2, q) is a missing point if
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it is not covered by K. The existence of missing points implies the incompleteness of the arc. In this paper we look for
points not covered by K on a certain family of curves in PG(2, q). Finally, we select a suitable curve and add a subset
of points on the curve to K to form a larger arc.
2. Condition for a point not to be covered
Let P = (x + iw, y + iz) be a point in AG(2, q) where x,w, y and z are elements of Fp. The point P lies on a secant
of the arc joining two points in K1 if and only if the equation∣∣∣∣∣
x + iw y + iz 1
a 1/a 1
b 1/b 1
∣∣∣∣∣= 0
has a solution in F∗p × F∗p i.e. both a and b must belong to F∗p. Similarly P lies on a secant joining a point in K1 to a
point in K2 if and only if∣∣∣∣∣
x + iw y + iz 1
a 1/a 1
b i/b 1
∣∣∣∣∣= 0
has a solution in F∗p × F∗p.
We list below the conditions P must satisfy in order to lie on a secant joining a point in Ki to a point in Kj in terms
of polynomials cij (a, b):
c11(a, b) := ab
∣∣∣∣∣
x + iw y + iz 1
a 1/a 1
b i/b 1
∣∣∣∣∣= 0 has a solution in F∗p × F∗p, (1)
c22(a, b) := ab
∣∣∣∣∣
x + iw y + iz 1
a i/a 1
b i/b 1
∣∣∣∣∣= 0 has a solution in F∗p × F∗p, (2)
c33(a, b) := ab
∣∣∣∣∣
x + iw y + iz 1
ia 1/a 1
ib 1/b 1
∣∣∣∣∣= 0 has a solution in F∗p × F∗p, (3)
c44(a, b) := ab
∣∣∣∣∣
x + iw y + iz 1
ia −i/a 1
ib −i/b 1
∣∣∣∣∣= 0 has a solution in F∗p × F∗p, (4)
c12(a, b) := ab
∣∣∣∣∣
x + iw y + iz 1
a 1/a 1
b i/b 1
∣∣∣∣∣= 0 has a solution in F∗p × F∗p, (5)
c13(a, b) := ab
∣∣∣∣∣
x + iw y + iz 1
a 1/a 1
ib 1/b 1
∣∣∣∣∣= 0 has a solution in F∗p × F∗p, (6)
c14(a, b) := ab
∣∣∣∣∣
x + iw y + iz 1
a 1/a 1
ib −i/b 1
∣∣∣∣∣= 0 has a solution in F∗p × F∗p, (7)
c23(a, b) := ab
∣∣∣∣∣
x + iw y + iz 1
a i/a 1
ib 1/b 1
∣∣∣∣∣= 0 has a solution in F∗p × F∗p, (8)
c24(a, b) := ab
∣∣∣∣∣
x + iw y + iz 1
a i/a 1
ib −i/b 1
∣∣∣∣∣= 0 has a solution in F∗p × F∗p, (9)
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c34(a, b) := ab
∣∣∣∣∣
x + iw y + iz 1
ia 1/a 1
ib −i/b 1
∣∣∣∣∣= 0 has a solution in F∗p × F∗p. (10)
Multiplying the determinant by ab is necessary in order to get a polynomial. Note that P may lie on more than one
secant. Separating the real and imaginary part of cij (a, b) we obtain two equations. Taking their resultant we eliminate
a and obtain a single equation in terms of b. Corresponding to each cij (a, b) we obtain a polynomial gij (b) by the
procedure just described. We deﬁne fij in the following manner:
gij (x,w, y, z, b) = Resultant(Re(cij ), Im(cij ), a),
fij (x,w, y, z, b) = gij /(gcd(gij , bdeg(gij ,b))).
We do not want to consider the trivial solution b = 0. If x,w, y and z are such that all the polynomials fij (b) have no
roots in F∗p then P is a missing point. This condition is a bit stronger than we need since for P to be covered both a and
b must belong to F∗p.
3. Computation
We will in the subsequent sections need the following two theorems.
Theorem 1. Let f (t) ∈ Q(t). Assume that f (t) = cg(t)2 where c ∈ Q and g(t) ∈ Q(t) i.e. f (t) is not a constant
times a square. Then for all sufﬁciently large primes we have that f (t) ∈ Fp(t) and is not a constant times a square.
Proof. Let f (t) = cf 1(t)n1 . . . fr (t)nr where fi(t) are distinct irreducible polynomials, c ∈ Q and ni ∈ Z. By
hypothesis at least one ni is odd. Assume without loss of generality that n1 is odd. We choose primes sufﬁciently large
satisfying the following conditions:
(i) None of the factors coincide or become zero when f (t) is reduced modp.
(ii) The primes p do not divide the discriminant of f1 and f1 is not congruent to a constant when reduced modp.
(iii) The primes p do not divide Resultant(f1, fi) for i ∈ {1, 2, . . . , r} and i = 1.
For primes satisfying these conditions f1 has no repeated factors nor has any factor common with f2, . . . , fr . Hence
for all sufﬁciently large primes f (t) ∈ Fp(t) and is not a constant times a square. 
Theorem 2. There are only ﬁnitely many primes p for which an absolutely irreducible (not necessarily univariate)
polynomial g over Q is not absolutely irreducible modp.
Proof. See [5, Lemma 3, p. 173]. 
All the programs in this paper were implemented in MAGMA except absolute irreducibility was checked using
MAPLE. In a few cases our polynomials belong to Q(t)[b] but to check absolute irreducibility we want our polyno-
mials to belong to Q[t, b]. We multiply these polynomials by a suitable element of Q[t] to clear denominators. The
polynomials now belongs to Q[t, b] and we can test for absolute irreducibility. Since we are ultimately interested in
irreducibility over Q(t) and Fp(t) this is equivalent to multiplying the polynomials by a constant.
4. ˇCebotarev density theorem
Let f (b, t) be a bivariate polynomial deﬁned over Fp of degree n in b. For t0 ∈ Fp such that deg(f (b, t0)) = n, we
factor f (b, t0) over Fp as
f = f1f2 . . . fr .
Let ni be the degree of fi in the equation above. We permute the factors so that ninj for i < j . To each t0 ∈ Fp
we associate the tuple  = (n1, . . . , nr ). Since n1 + · · · + nr = n we view  as a partition of n. We refer to  as the
factorization type of t0.
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We state the following version of the ˇCebotarev density theorem (see [3]).
Theorem 3 ( ˇCebotarev). Let f (b, t) ∈ Fp(t)[b] be an irreducible separable polynomial of degree n when considered
as a univariate polynomial deﬁned over Fp(t). Let F be the splitting ﬁeld of f over Fp(t) and G be the corresponding
Galois group consideredas a subgroupofSn.LetC denote the set of elements ofGwith cycle type . IfFp is algebraically
closed in F, then the number of elements t in {t ∈ Fp : deg(f (b, t)) = n} which have the same factorization type  is
(|C|/|G|)p + O(√p).
The theorem can also be applied to a reducible separable polynomial whose splitting ﬁeld satisﬁes the hypothesis of
the theorem.
5. Galois groups of the quintic
To apply the ˇCebotarev density theorem to the polynomials fij we need to study the transitive subgroups of S5. There
are six possibilities for the Galois group of an irreducible quintic. The Galois groups and the relationships between
them are described by Fig. 1.
If the square root of the discriminant of the polynomial does not belong to the base ﬁeld then the only possible Galois
groups are S5 and F20. We use the following theorem (see [1]) to distinguish between the two groups.
Theorem 4 (Dummit). Let F be any ﬁeld of characteristic different from two and ﬁve. Then an irreducible quintic
f (x) ∈ F[x] is solvable by radicals if and only if its Galois group as a subgroup of S5 is contained in the Frobenius
group of order 20 (F20). The irreducible quintic g(x)= x5 +mx3 + lx2 + rx + s ∈ F[x] is solvable by radicals if and
only if the polynomial h20(x) (deﬁned below) has a rational root. In this case the sextic h20(x) factors into the product
of a linear polynomial and an irreducible quintic.
h20(x) = x6 + 8rx5 + (2ml2 − 6m2r + 40r2 − 50ls)x4
× (−2l4 + 21ml2 − 40m2r2 + 160r3 − 15m2ls − 400rs + 125ms2)x3
+ (m2l4 − 6m3l2r − 8l4r + 9m4r2 + 76ml2r2 − 136m2r3
+ 400r4 − 50ml3s + 90m2ls − 1400lr2s + 625l2s2 + 500mrs2)x2
+ (−2ml6 + 19m2l4r − 51m3q2r + 3q4r2 + 32m4r3 + 76mq2r3
− 256m2r4 + 512r5 − 31m3l3s − 58l5s + 117m4lrs + 105lm3rs
+ 260m2lr2s − 2400lr3 − 108m5s2 − 325m2l2s2 + 525m3rs2
Fig. 1. Galois groups of the quintic.
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× 2750l2rs2 − 500mr2s2 + 625lms3 − 3125s4)x
+ (l8 − 13ml6r + m5l2r2 + 65m2l4r2 − 4m6r3 − 128m3l2r3 + 17l4r3
× 48m4r4 − 16ml2r4 − 192m2r5 + 256r6 − 4m5l3s − 12m2l5s
× 18m6lrs + 12m3l3rs − 124l5rs + 196m4lr2s + 590ml3r2s
− 160m2lr3s − 1600lr4s − 27m7s2 − 150m4l2s2 − 125ml4s2
− 99m5rs2 − 725m2l2rs2 + 1200m3r2s2 + 3250l2r2s2
− 2000mr3s2 − 1250mlrs3 + 3125m2s4 − 9375rs4).
6. Curves
Since Fp2Fp(i)Fp × Fp we have that AG(2, q)AG(4, p). For all sufﬁciently large primes we would like to
ﬁnd curves in AG(4, p) which are incident with missing points. We restrict our attention to the following family of
parameterized curves:
x(t) = i1 + i2t + i3t2,
w(t) = j1 + j2t + j3t2,
y(t) = k1 + k2t + k3t2,
z(t) = l1 + l2t + l3t2,
where i1, i2, i3, j1, j2, j3, k1, k2, k3, l1, l2 and l3 ∈ {0, 1}.
From now on, fij will denote the polynomial fij (x(t), y(t), z(t), w(t)) ∈ Fp(t)[b].
We will focus our attention on the curve
x(t) = t2, w(t) = t, y(t) = t2 + t, z(t) = 1. (11)
Let us consider the polynomials f14 and f23 and examine their factorizations over Fp(t, i). We have
f14 = (t2 − it + b2(t2 + t − i))(t2 + it + b2(t2 + t + i))
× (t2(t2 + t)b + tb + t − b2 − b),
f23 = (t2 − it + b2(1 + i(t2 + t)))(t2 + it + b2(1 − i(t2 + t)))
× (t2b − t (t2 + t)b + t + (t2 + t)b2 − b).
The ﬁrst two factors of f14 are conjugates to each other. Hence a solution to the ﬁrst factor is also a solution to the
second factor. Consider the two curves we obtain by equating their real and imaginary parts to zero.
t2 + (t2 + t)b2 = 0,
t + b2 = 0.
The only common point of intersection is (0, 0). As before we do not want to consider the trivial solution b = 0 and
hence we ignore this point. From now on f14 = t2(t2 + t)b + tb + t − b2 − b. Similarly, the ﬁrst two factors of f23
are conjugates to each other. Consider the two curves obtained by equating their real and imaginary parts to zero:
t2 + b2 = 0,
−t + b2(t2 + t) = 0.
The two curves intersect in at most six points by Bezout’s theorem (we do not consider the (0, 0) solution). Each
non-zero value of t gives two points of intersection. We dismiss these three points on the curve deﬁned by Eq. (11)
corresponding to these six points of intersection. From now on f23 = t2b − t (t2 + t)b + t + (t2 + t)b2 − b. We list
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below the polynomials fij .
f 11 = b2 + bt3 − t ,
f 22 = (t + 1)(b2 + b(−t3 − t2 − 1)/(t + 1) + 1/(t + 1)),
f 33 = b2 + b(−t4 − t3 − t) + t2,
f 44 = b2(t + 1) − bt2 + t ,
f 12 = (t2 + t + 1)(b5 + b4(t5 + t3 − t − 2)/(t2 + t + 1)
+ b3(−t7 − 2t4 − 3t3 + 2t2 + t + 1)/(t2 + t + 1)
+ b2(2t6 + 4t5 + 2t4 + 2t3 − 2t2)/(t2 + t + 1)
+ b(−t8 − t7 − t6 − 2t5 + t4 − 2t3)/(t2 + t + 1)
+ (t5 + t3)/(t2 + t + 1)),
f 13 = (t4 + 2t3 + t2 + 1)(b5 + b4(−t8 − 3t7 − 3t6 − 2t5 − 2t4 − 2t)/(t4 + 2t3 + t2 + 1)
+ b3(2t6 + 2t5 − 2t)/(t4 + 2t3 + t2 + 1)
+ b2(t7 + 2t6 + 3t3 + 2t2 + t + 1)/(t4 + 2t3 + t2 + 1)
+ b(−2t5 − 3t4 − t2 − 2t)/(t4 + 2t3 + t2 + 1)
+ (t3 + t2)/(t4 + 2t3 + t2 + 1)),
f 14 = b2 + b(−t4 − t3 − t + 1) − t ,
f 23 = b2(t + 1)t + b(t + 1)(−t2 + t − 1) + t ,
f 24 = (t6 + 3t5 + 3t4 + t3 + t2 + t)(t5 + 2t4 + t3 + t)(t5 + 3t4 + 3t3 + t2 + t + 1)
× (b5 + b4(−t6 − t5 − t2 + 2t − 1)/(t5 + 2t4 + t3 + t)
+ b3(2t6 + 4t5 + 4t4 + 2t3 + 2t2 + 2t − 2)/(t6 + 3t5 + 3t4 + t3 + t2 + t)
+ b2(−t8 − 3t7 − 2t6 − 2t5 − t4 + 3t3 + t2 + 4t − 1)/(t6 + 3t5 + 3t4 + t3 + t2 + t)
+ b(t5 − t4 − 3t3 + t2 − 2t + 2)/(t5 + 3t4 + 3t3 + t2 + t + 1)
+ (t2 − t)/(t5 + 3t4 + 3t3 + t2 + t + 1)),
f 34 = (t2 + t − 1)(b5 + b4(−t6 − 2t5 + t4 − t2 + 2t − 2)/(t2 + t − 1)
+ b3(−t8 − t7 − 2t5 + t4 + 3t3 + t2 + 4t − 1)/(t2 + t − 1)
+ b2(−2t6 − 4t5 − 4t4 − 2t3 − 2t2 + 2t)/(t2 + t − 1)
+ b(t7 + t5 + t3 − t2)/(t2 + t − 1) + (−t6 − t4)/(t2 + t − 1)).
Theorem 5. For all sufﬁciently large primes the curve described by Eq. (11) has the following properties:
(a) All the polynomials fij are irreducible over Fp(t).
(b) The associated h20 polynomials for f12, f13, f24 and f34 are irreducible over Fp(t).
(c) The square roots of the discriminants of f12, f13, f24 and f34 are not in Fp(t).
Proof. (a) The polynomials fij belong to Q[t, b] (clearing denominators when necessary). We look at the factorization
of each fij over Q and ﬁnd that only one of the factors involves b in each case. Further, the factor involving b is
absolutely irreducible over Q in each case. Hence by Theorem 2 these factors are absolutely irreducible over Fp for
sufﬁciently large primes. This implies fij are irreducible over Fp(t) for all sufﬁciently large primes.
(b) Let h20,ij be the h20 polynomial described by Theorem 4 associated to fij for ij ∈ {12, 13, 24, 34}. Since the
polynomials h20,ij belong to Q(t)[b] we must multiply these polynomials by suitable elements gij ∈ Q[t] to clear
denominators so that mij = h20,ij gij ∈ Q[t, b]. We now look at the factorisation of each mij over Q and ﬁnd that only
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one of the factors involves b in each case. Further, the factor involving b is absolutely irreducible over Q in each case.
Hence by Theorem 2 these factors are absolutely irreducible over Fp for sufﬁciently large primes. This implies thatmij
are irreducible polynomials over Fp(t) for sufﬁciently large primes. Since gij can be viewed as polynomials in Fp(t)
(we ignore primes where gij ≡ 0modp) we have that h20,ij are irreducible polynomials over Fp(t) for all sufﬁciently
large primes.
(c) The discriminants associated to f12, f13, f24 and f34 are not a constant times a square in Q(t). The third result
now follows by applying Theorem 1 to the discriminants. 
7. Computing a Galois group
Let Fij be the splitting ﬁeld of fij over Fp(t) and let F be the compositum of these ﬁelds. Then F/Fp(t) is a Galois
extension whose Galois group we would like to compute. We know thatG(F/Fp(t)) is the Galois group of the splitting
ﬁeld of the polynomial f (b)=∏ij fij (b). FromTheorem 5we haveG(Fij /Fp(t))S2 for ij ∈ {11, 22, 33, 44, 14, 23}
and G(Fij /Fp(t))S5 for ij ∈ {12, 13, 24, 34}. From this information we conclude that G(F/Fp(t)) is a subgroup
of S45 × S62 . In fact for the curve deﬁned by Eq. (11) the Galois group is exactly this. We make use of the following
well-known theorem (see for example [2, p. 573]).
Theorem 6. Let K1,K2 be Galois extensions of Fp(t). Then
1. The intersection K1 ∩ K2 is Galois over Fp(t).
2. The composite K1K2 is Galois over Fp(t). The Galois group is isomorphic to the subgroup
H = {(1, 2)|1|K1∩K2 = 2|K1∩K2}
of the direct product G(K1/Fp(t)) × G(K2/Fp(t)).
In the above theorem if K1 ∩ K2 = Fp(t) then H = G(K1/Fp(t)) × G(K2/Fp(t)).
Theorem 7. Let Dij ∈ Fp(t) be the discriminant of fij for ij ∈ S = {11, . . . , 34}. Assume that the partial products∏
ij∈S′
Dijare not squares in Fp(t), (12)
where S′ ⊆ S. Then G(F/Fp(t)) = S45 × S62 (Fig. 2).
Proof. Let us begin with two extensions F12 and F13. We know that both of them have Galois group S5. By Theorem 6
F12 ∩F13 is a Galois extension of Fp(t). This implies thatG(F12/F12 ∩F13)=G(F13/F12 ∩F13) are normal subgroups
of S5. Now the only non-trivial normal subgroup of S5 is A5. If
G(F12/F12 ∩ F13) = G(F13/F12 ∩ F13) = 1
Fig. 2. Hasse diagram for Theorem 7.
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then F12 = F13 = F12 ∩ F13 which contradicts condition (12). If
G(F12/F12 ∩ F13) = G(F13/F12 ∩ F13) = A5
then G(F12 ∩ F13/Fp(t)) is a degree 2 extension. This implies that
F12 ∩ F13 = Fp(t,
√
D12) = Fp(t,
√
D13).
This is a contradiction to condition (12). Therefore we conclude that
G(F12/F12 ∩ F13) = G(F13/F12 ∩ F13) = S5.
This implies F12 ∩ F13 = Fp(t). By Theorem 6 we have G(F12F13/Fp(t)) = S5 × S5.
We now apply Theorem 6 to the Galois extensions F12F13 and F24. We will prove that F12F13 ∩ F24 = Fp(t). By
Theorem 6 the extension is Galois. This implies G(F24/F12F13 ∩ F24) is a normal subgroup of S5. If
G(F24/F12F13 ∩ F24) = 1
then F12 = F13 = F24 contradicting condition (12). If
G(F24/F12F13 ∩ F24) = A5
then F12F13 ∩ F24/Fp(t) is a degree 2 extension. This implies
F12F13 ∩ F24 = Fp(t,
√
D24).
We know that the only degree 2 subﬁelds of F12F13 are Fp(t,
√
D12), Fp(t,
√
D13) and Fp(t,
√
D12D13). If
F12F13 ∩ F24 = Fp(t,
√
D24)
is equal to any of these then condition (12) is violated. Hence G(F24/F12F13 ∩ F24) = S5 and this implies F12F13 ∩
F24 = Fp(t). Therefore
G(F12F13F24/Fp(t)) = S5 × S5 × S5.
WeapplyTheorem6now to theﬁeldsF12F13F24 andF34.A similar argument leads us to conclude thatG(F12F13F24F34/
Fp(t)) = S5 × S5 × S5 × S5.
Next, we deal with the degree 2 extensions. We know
Fij = Fp(t,
√
Dij )
for ij ∈ {11, 22, 33, 44, 14, 23}. Let us apply Theorem 6 to F12F13F24F34 and F11. Clearly F12F13F24F34 ∩ F11 is a
ﬁeld of degree at most 2 over Fp(t). If the degree is 2 then F11 ⊆ F12F13F24F34. But this would again violate condition
(12). Hence F12F13F24F34 ∩ F11 = Fp(t). Therefore
G(F12F13F24F11/Fp(t)) = S45 × S2.
Proceeding in this manner we prove that G(F/Fp(t)) = S45 × S62 . 
We have the following theorem.
Theorem 8. For all sufﬁciently large primes the following result is true for the curve described by Eq. (11):∏
ij∈S′
Dij is not a square in Fp(t), (13)
where S′ ⊆ S = {11, . . . , 34}. Further, none of the partial products are a constant times a square.
Proof. Since none of the partial products are a constant times a square in Q(t) the result follows by applying Theorem
1 to the partial products. 
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8. Applying the ˇCebotarev density theorem
To apply the density theorem we want to show that the algebraic closure of Fp in F is the ﬁnite ﬁeld itself. Let
L = Fpn be the algebraic closure of Fp in F. By Theorem 8,
[Fpn(t,
√
D11, . . . ,
√
D34) : Fp(t,
√
D11, . . . ,
√
D34)] = [Fpn : Fp] = n.
We know that G(F/Fp(t,
√
D11, . . . ,
√
D34))A45. Now
Fpn(t,
√
D11, . . . ,
√
D34)/Fp(t,
√
D11, . . . ,
√
D34)
is a Galois extension with a cyclic Galois group.
Therefore we conclude G(F/Fpn(t,
√
D11, . . . ,
√
D34)) is a normal subgroup of A45 whose quotient group is cyclic.
But no such non-trivial normal subgroup of A45 exists. Hence n must be one i.e. Fp is algebraically closed in F.
Let t0 ∈ Fp . If we apply Theorem 3 to the Galois extensions arising from polynomials of degree 2 (such as f11) and
degree 5 (such as f12) which satisfy the hypothesis of the theorem.
Representative of the conjugacy class No. of roots in Fp Number of elements
1 f11(t0, b) has 2 roots in Fp 12p + O(
√
p)
(12) f11(t0, b) has no roots in Fp 12p + O(
√
p)
1 f12(t0, b) has 5 roots in Fp 1120p + O(
√
p)
(12) f12(t0, b) has 3 roots in Fp 112p + O(
√
p)
(123) f12(t0, b) has 2 roots in Fp 16p + O(
√
p)
(1234) f12(t0, b) has 1 root in Fp 14p + O(
√
p)
(12345) f12(t0, b) has no roots in Fp 15p + O(
√
p)
(12)(34) f12(t0, b) has 1 root in Fp 18p + O(
√
p)
(12)(345) f12(t0, b) has no roots in Fp 16p + O(
√
p)
Let us now apply Theorem 3 to the Galois extension F/Fp(t). We have just computed the Galois group of F/Fp(t).
We want to ﬁnd the number of t0 ∈ Fp such that f (t0, b) has no solutions in F∗p. The conjugacy classes of G(F/Fp(t))
are nothing but the direct product of the conjugacy classes ofG(Fij /Fp(t)). The representatives of the conjugacy classes
corresponding to which f (t0, b) has no solution in Fp are (12)6 × ((12345))n1 × ((12)(345))n2 where n1 + n2 = 4.
Hence the cardinality of the set {t ∈ Fp|f (t, b) has no solution in F∗p} is ( 12 )6( 15 + 16 )4p + O(
√
p).
We have just proved that for all sufﬁciently large primes approximately 1464151840000p of the points on the curve described
by Eq. (11) are not covered by the arc. Hence the arc K is never complete for all sufﬁciently large primes.
9. Extending the arc
The natural question which arises is how many of these points on the curve may be added to K to form a larger
arc. We know that P(t) = (t2 + it, t2 + t + i) for t ∈ Fp is a point on the curve deﬁned by Eq. (11). We deﬁne
T = {t ∈ Fp|K ∪ P(t) is a arc } and R = {s ∈ T |K ∪ {P(s), P (t)} is an arc ∀t ∈ T }.
Theorem 9. K ∪ P(R) is an arc.
Proof. There are three types of secants formed by joining two points in K ∪ P(R).
(a) Secants formed by joining two points in K.
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(b) Secants formed by joining one point in K and another in P(R).
(c) Secants formed by joining two points in P(R).
If we prove that none of the secants intersect K ∪ P(R) in a third point then the set is an arc. A secant of type (a)
cannot be incident with a third point in K since K is an arc. It also cannot be incident with a point in P(R) since P(R)
consists of only missing points of K. A secant of type (b) cannot be incident with a third point in K because every point
in P(R) is a missing point of K. It also cannot be incident with a third point of P(R) since that would contradict the
property of the set P(R). A secant of type (c) cannot be incident with a point in K because it would then be a secant of
type (b) and we have just shown that a secant of type (b) is not incident with three points of the set K ∪P(R). Finally,
a secant of type (c) cannot be incident with a third point of P(R) because any line meets the curve described by Eq.
(11) in at most two points. 
We now prove that the set R is not empty. The condition that a point P(s) is covered by a line formed by joining a
point in K1 and a point in T is
c1(a, t) := a
∣∣∣∣∣
s2 + is s2 + s + i 1
t2 + it t2 + t + i 1
a 1/a 1
∣∣∣∣∣= 0 has a solution in F∗p × T . (14)
Similarly conditions for a point P(s) to be covered by a line formed by joining a point in Ki (i = 2, 3, 4) and a point
in T are
c2(a, t) :=
∣∣∣∣∣
s2 + is s2 + s + i 1
t2 + it t2 + t + i 1
ia 1/a 1
∣∣∣∣∣= 0 has a solution in F∗p × T , (15)
c3(a, t) :=
∣∣∣∣∣
s2 + is s2 + s + i 1
t2 + it t2 + t + i 1
a i/a 1
∣∣∣∣∣= 0 has a solution in F∗p × T , (16)
c4(a, t) :=
∣∣∣∣∣
s2 + is s2 + s + i 1
t2 + it t2 + t + i 1
ia −i/a 1
∣∣∣∣∣= 0 has a solution in F∗p × T , (17)
respectively. Multiplying the polynomial by a is necessary in order to get a polynomial. We deﬁne the following
equations:
cˆj (t, s) = Resultant(Re(cj (t, s, a)), Im(cj (t, s, a)), a),
fj (t, s) = cˆj /(gcd(cˆj , (t − s)(deg(cˆj ))))
for j = 1, 2, 3, 4. We prove the following result about these polynomials.
Theorem 10. For all sufﬁciently large primes the polynomials fj , where j ∈ U = {1, 2, 3, 4}, have the following
properties.
(a) fj is an irreducible polynomial of degree 3 over Fp(t).
(b) Let Dj ∈ Fp(t) be the discriminant of fj ; then,
√
Dj is not in Fp(t).
Proof. (a) The polynomials fj belong to Q[t, s] and are absolutely irreducible over Q. Hence by Theorem 2 these
polynomials are absolutely irreducible over Fp for sufﬁciently large primes. This implies fj are irreducible over Fp(t)
for sufﬁciently large primes.
(b) The discriminants Dj associated to f1, f2, f3 and f4 are not a constant times a square in Q(t). The second result
now follows by applying Theorem 1 to the discriminants.
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Fig. 3. Hasse diagram for FF 1.
Let Fj be the splitting ﬁeld of fj over Fp(t) and let E = FF 1F2F3F4. Then E/Fp(t) is a Galois extension whose
Galois group we would like to compute. We know that G(E/Fp(t)) is the Galois group of the splitting ﬁeld of the
polynomial
e(t, s) =
∏
ij
fij (t, s)
∏
j
fj (t, s)
when considered as a univariate polynomial deﬁned over Fp(t). From Theorem 10 we have G(Fj /Fp(t))S3 for
j ∈ {1, 2, 3, 4} and G(F/Fp(t))S45 × S62 . From this information we conclude that G(E/Fp(t)) is a subgroup of
S45 × S62 × S43 . In fact for the curve deﬁned by Eq. (11) the Galois group is exactly this.
Theorem 11. For all sufﬁciently large primes the polynomials fj , with j ∈ U = {1, 2, 3, 4}, have the following
properties:∏
ij∈S′
Dij
∏
j∈U ′
Dj is not a square in Fp(t), (18)
where S′ ⊆ S and U ′ ⊆ U . Further, none of the partial products are a constant times a square.
Proof. Since none of the partial products are a constant times a square in Q(t) the result follows by applying Theorem
1 to the partial products (Fig. 3). 
By Theorem 6 we have that F ∩F1 is a Galois extension of Fp(t). This implies G(F1/F ∩F1) is a normal subgroup
of S3. The only non-trivial normal subgroup of S3 is A3. If
G(F1/F ∩ F1) = 1
then F ⊆ F1 which contradicts condition (18). If
G(F1/F ∩ F1) = A3
then Fp(t,
√
D1) ⊂ F . This again is a contradiction to condition (18). Hence G(F1/F ∩ F1) = S3 which implies
F ∩ F1 = Fp(t). By Theorem 6 we have
G(FF 1/Fp(t)) = G(F/Fp(t)) × S3.
Similarly applying Theorem 6 to FF 1 and F2 we have
G(FF 1F2/Fp(t)) = G(F/Fp(t)) × S23 .
Proceeding in this manner we conclude that G(E/Fp(t)) = S45 × S62 × S43 .
To apply the density theorem to the extension E/Fp(t) we have to show that Fp to be algebraically closed in E. Let
H = Fpm be the algebraic closure of Fp in E. By Theorem 10,
[Fpm(t,
√
D11, . . . ,
√
D4) : Fp(t,
√
D11, . . . ,
√
D4)] = [Fpm : Fp] = m.
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We know that G(F/Fp(t,
√
D11, . . . ,
√
D4)) = A45 × A43. Now
Fpm(t,
√
D11, . . . ,
√
D34)/Fp(t,
√
D11, . . . ,
√
D4)
is a Galois extension with a cyclic Galois group. Hence
G(F/Fpm(t,
√
D11, . . . ,
√
D4))
is a normal subgroup of A45 × A43 whose corresponding quotient group
M = G(Fpm(t,
√
D11, . . . ,
√
D1)/Fp(t,
√
D11, . . . ,
√
D1))
is cyclic. The only two possible choices for M are 1 and A3. If M = A3 then m = 3. Since Fpm(t)/Fp(t) is a Galois
extension it follows thatG(E/Fpm(t)) is an index three normal subgroup of S45 ×S62 ×S43 . But no such subgroup exists
and hence M = 1. This implies that m = 1 i.e. Fp is algebraically closed in E.
Let t0 ∈ Fp. If we apply Theorem 3 to the Galois extensions arising from polynomials of degree 3 (such as f1) which
satisfy the hypothesis of the theorem.
Representative of the conjugacy class No. of roots in Fp Number of elements
1 f1(t0, s) has 3 roots in Fp 16p + O(
√
p)
(12) f1(t0, s) has 1 root in Fp 12p + O(
√
p)
(123) f1(t0, s) has no roots in Fp 13p + O(
√
p)
The conjugacy classes ofG(E/Fp(t)) are direct product of the conjugacy classes ofG(Fij /Fp(t)) andG(Fi/Fp(t)).
The representatives of the conjugacy classes corresponding to which e(t0, s) has no solution in Fp are (12)6 ×
((12345))n1 × ((12)(345))n2 × (123)4 where n1 + n2 = 4. The set R can alternatively be described as the set {t ∈
Fp|e(t, s) has no solution in Fp}. The cardinality of this set by the Density theorem is ( 12 )6( 1130 )4( 13 )4p + O(
√
p).
10. Final remarks
For large primes the curve described by Eq. (11) has certain “nice” properties but is by no means unique. The
condition that none of the partial products are squares in Theorem 7 is quite similar to Lemma 1 in [6]. We do not know
if K ∪ P(R) is a complete arc.
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